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We present results of detailed investigations of light emission from semiconductor multiple quantum wells
at low temperatures and high magnetic fields excited by intense femtosecond laser pulses. The intensity and
linewidth as well as the directional and statistical properties of photoemission strongly depended on the
magnetic field strength and pump laser fluence. We also investigated the effects of spot size, temperature,
excitation geometry, and excitation pulse width on the emission properties. The results suggest that the initially
incoherent photoexcited electron-hole pairs spontaneously form a macroscopic coherent state upon relaxation
into the low-lying magnetoexcitonic states, followed by the emission of a superfluorescent burst of radiation.
We have developed a theoretical model for superfluorescent emission from semiconductor quantum wells,
which successfully explained the observed characteristics.
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I. INTRODUCTION
Investigations of coherent phenomena in bulk and
quantum-confined semiconductor systems have been made
possible in the last few decades through the use of ultrafast
lasers, which create and probe quantum coherent carriers on
time scales faster than inherent phase-breaking decoher-
ence times in these systems, typically 10–100 fs for free
carriers to a few picoseconds for excitons. During the coher-
ent temporal regime, the photoexcited carriers retain a well-
defined phase relationship with the excitation field, and the
induced carrier polarization can be followed as the polariza-
tion decays, thus probing fundamental quantum decoherence
and scattering. A vast array of ultrafast coherent dynamics in
semiconductors has been explored.1 More specifically, inves-
tigations of coherent quantum optics phenomena in con-
densed matter and mesoscopic systems are actively being
pursued.2 In particular, ultrafast semiconductor analogs of
quantum optical phenomena such as Rabi flopping3 and
superradiance4 have been investigated.
An equally important but much less studied phenomenon
in semiconductors and nanostructures is the spontaneous for-
mation of macroscopic quantum coherence. Under specific
physical conditions, an ensemble of interacting particles can
spontaneously establish quantum coherence. This situation is
fundamentally different from laser-driven coherence. Typi-
cally, a spontaneous appearance of coherence occurs at a
critical temperature and/or density at which the particle in-
teractions energetically favor a single N-body wave function.
Bose-Einstein condensation,5 superconductivity,6 and
superfluidity7 are typical examples. While the observation of
spontaneous quantum coherence in semiconductors has long
been sought after, investigations have been heretofore ham-
pered by the strong electronic interactions and concomitant
rapid dephasing times in these systems. Nevertheless, inves-
tigations pursuing spontaneous coherence are important be-
cause they can reveal much about the underlying fundamen-
tal quantum-mechanical interactions of N-particle systems.
Superfluorescence SF is a well-known example in quan-
tum optics, showing spontaneously created macroscopic
quantum coherence. In SF, an incoherently prepared system
of inverted two-level atoms develops large-amplitude coher-
ent oscillations of the optical polarization starting from quan-
tum fluctuations through the self-phasing process mediated
by exchange of photons.8–10 The resultant macroscopic opti-
cal polarization decays superradiantly,11,12 producing a
highly directional burst of coherent radiation. Until very re-
cently, SF have been observed in atomic gases13,14 and rar-
efied impurities in crystals.15–17 Observations of SF emission
from high-density systems such as semiconductor electron-
hole plasmas have heretofore proven difficult.
We recently reported possible evidence for SF from a
dense photoexcited electron-hole plasma in InGaAs/GaAs
multiple quantum wells in strong perpendicular magnetic
fields.18 Using intense femtosecond laser pulses to create a
dense electron-hole plasma in InGaAs/GaAs multiple quan-
tum wells, combined with a strong perpendicular magnetic
field to laterally confine electrons and holes and increase the
density of states through Landau quantization, we observed
strong emission arising from interband recombination be-
tween Landau levels LL in the conduction and valence
bands. Based on the spectral, spatial, and statistical charac-
teristics of the emission lines, we interpreted the emissions to
be SF. Our density-dependent investigations revealed a tran-
sition from a spontaneous emission single-particle recombi-
nation regime at low densities and magnetic fields through
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an intermediate and deterministic amplified spontaneous
emission ASE regime to a stochastically emitting SF re-
gime at the highest densities and magnetic fields. The pur-
pose of the present paper is to present more fully our mea-
surements and theory.
The paper is organized as follows. We briefly describe the
experimental procedures and details in Sec. II. Our experi-
mental results are given in Sec. III, where we present a com-
prehensive set of magneto-optical photoluminescence PL
spectra under a variety of conditions. In Sec. IV, we present
the theoretical basis for SF from quantized electron-hole
plasmas, present key physical parameters, and discuss the
different density- and field-dependent emission regimes. In
Sec. V, we use our theoretical model to explain the experi-
mentally observed emission spectra as a function of mag-
netic field, excitation fluence and duration, excitation geom-
etry, and temperature as well as the spatial characteristics of
the emission in different regimes. Finally, we summarize our
findings and conclusions in Sec. VI.
II. EXPERIMENTAL METHODS
The experiments were performed at the National High
Magnetic Field Laboratory in Tallahassee, FL, using a 31 T
dc resistive magnet. In0.2Ga0.8As /GaAs multiple quantum-
well MQW samples, consisting of 15 layers of 8-nm-thick
QWs separated by 15-nm GaAs barriers grown by
molecular-beam epitaxy, were used. The magnetic field-
dependent low-power CW PL and absorption spectra of these
samples are thoroughly described in Refs. 19 and 20. We
used a 775-nm Ti:Sapphire-based regenerative amplifier sys-
tem with a repetition rate of 1 kHz to excite the sample. The
excitation wavelength was chosen such that carriers were
excited into the continuum, far above the lowest quantum-
well levels. Both the pulse width and fluence of the pump
beam were varied. A pump fluence of 0.01 mJ /cm2 is ex-
pected to generate a carrier density of 1012 cm−2 in our
samples.
The femtosecond excitation beam was delivered through
free space into the magnet and normally incident to the
QWs; the QW plane was oriented perpendicular to the mag-
netic field. The emitted PL was collected using multimode
optical fibers placed either on the opposite face for collect-
ing emission perpendicular to the QW plane or on a cleaved
edge of the sample for emission in the plane of the QW
using right-angle microprisms. The collected PL was ana-
lyzed with a high-resolution grating spectrometer equipped
with a charge-coupled device CCD detector. The collection
area of the prisms was 11 mm2 and the computed accep-
tance angle based on geometric considerations was 40°.
Most of the spectra were collected by averaging the emis-
sion from approximately 1000 pulses but single pulses se-
lected using a Pockels cell external to the laser were used
for excitation in experiments to probe the statistics of the
directionality of the emission. The temperature of the sample
was varied from 10 to 130 K. In addition, the pump spot size
as well as the spot shape i.e., aspect ratio were varied to
examine the characteristics of the emission relative to the
predicted coherence length of the electron-hole plasma and
the directionality of the emitted light with respect to the
sample length, respectively.
III. EXPERIMENTAL RESULTS
Figure 1 displays measured emission spectra at various
values of magnetic field B for a pump fluence of
0.62 mJ /cm2 a from the opposite side of the sample
above the pump spot denoted by “center;” see inset and b
at the sample edge perpendicular to the excitation direction
edge. At low magnetic fields, well defined but broad E
9 meV features are observed, similar to previous
studies.21,22 However, at a threshold field of 13 T, narrow
spectral features E2 meV emerge from the high-
energy side of the broad peaks. The narrow features grow
rapidly with increasing B and become dominant at higher B.
Although clearly visible in both the center and edge geom-
etries, the narrow emission features are generated with much
higher efficiency in the edge geometry; the integrated emis-
sion strength of the sharp feature in the 0–0 LL at 25 T is
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FIG. 1. Color online Emission spectra at various magnetic
fields for a fixed pump fluence of 0.62 mJ /cm2 a for emission
through sample above the excitation spot along the laser-
propagation direction and b for in-plane emission in an edge col-
lection geometry. The inset of b shows an experimental schematic
showing excitation pulses from the bottom and the collection fibers
from the top. The gray dotted line denotes the position of the 0–0
Landau level of the E2-HH2 state.
JHO et al. PHYSICAL REVIEW B 81, 155314 2010
155314-2
approximately 70 times stronger than the broad spontaneous
emission.
To analyze the growth of the edge-collected signal with
increasing B, the integrated strength from individual LLs was
fitted using a Lorentzian line for the narrow, blueshifted fea-
ture and a Gaussian line for the broad, low-energy feature. A
Gaussian line shape is typical for QW spontaneous emission
while a Lorentzian line shape originates from homoge-
neously broadened, lifetime-limited lines. From the line-
shape analysis, we obtained the integrated emission signal
black squares and linewidth red circles traces in Fig. 2 for
pump fluences of a 0.023 mJ /cm2 and b 0.62 mJ /cm2,
respectively. At the lower fluence Fig. 2a, the narrow
emission 0–0 LL peak emerges at approximately 11 T, then
increases as B2 up to 20 T. The linewidth undergoes a
dramatic reduction from 3 to 2 meV as the field in-
creases from 10 to 13 T, followed by a slow increase as the
field is further increased. Unless noted, we will refer only to
the narrow emission feature in further discussions. The re-
duction of the linewidth, which is concomitant with the lin-
ear scaling of emission strength, is one of the characteristics
of the ASE with increasing carrier density. The 1–1 LL fea-
ture shows similar behavior in terms of threshold magnetic
field and linewidth values, although the integrated PL inten-
sity growth cannot be definitely assigned a scaling law.
Above 20 T, the emission from the 0–0 LL saturates and the
1–1 LL decreases dramatically, indicating that at this pump
fluence cannot populate the 1–1 LL and barely fills the 0–0
LL.
At a higher fluence of 0.62 mJ /cm2 Fig. 2b, the emis-
sion strength and linewidth display qualitatively similar be-
havior to that seen in the lower fluence case Fig. 2a.
However, the 1–1 LL emission is seen to oscillate substan-
tially as a function of field. In addition, the increase in flu-
ence allows for the emission from 0–0 and 1–1 LLs over the
entire field range of 25 T. Below 11 T, narrow emission is not
observed for any LL. In the case of 0–0 LL, the signal grows
linearly with B from 12–14 T green lines and the linewidth
reveals a significant correlation with the emission strength
data. In the linear regime, the linewidth decreases monotoni-
cally versus B until the emission becomes superlinear, where
the linewidth begins to increase.
To further investigate the origin of the oscillatory emis-
sion strength behavior with field, in Fig. 3 we plot the emis-
sion strength versus magnetic field for the 1–1 LL at differ-
ent fluences Fig. 3a and for different LLs at a fixed
fluence Fig. 3b. Above a fluence of 0.4 mJ /cm2, the os-
cillations are a universal feature, independent of any specific
LL or excitation fluence. For comparison purposes, a contour
map of the field-dependent PL emission levels is presented in
Fig. 3c. In addition to the H1 LLs labeled 0–0, 1–1, etc.,
the higher heavy-hole states H20−0 and H21−1 are observed
indicated by gray dashed lines as reported in our previous
study.19 The gray vertical lines identify the mixing energies
and the oscillation peaks: a clear correlation is seen between
the mixing points of the H1-H2 levels and the peaks in the
oscillations of the emission. At points where specific H1 and
H2 LLs cross, a significant enhancement is seen in the emis-
sion strength of those LLs.
Next we show how the strength and linewidth of the nar-
row emission lines depend on the excitation area. Figure 4
examines three situations, where the excitation area was var-
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FIG. 2. Color online Emission strength black squares and
linewidth red circles of the narrow peak from 0–0 and 1–1 LLs
versus B for different pump fluence of a 0.24 mJ /cm2 and b
0.62 mJ /cm2. The blue and green lines represent the superlinear
and linear scaling with B, respectively.
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FIG. 3. Color online Narrow line emission strength as a func-
tion of magnetic field from 10 to 30 T for a the 1–1 LL at various
pump fluences and b 1–1, 2–2, and 3–3 LLs at a fixed pump
fluence of 0.43 mJ /cm2 obtained from a line-shape analysis of the
emission data. In c, we present a contour plot of the normalized
emission strength versus field and energy for a fluence of
0.43 mJ /cm2. The dashed gray lines in c show the mixing points
between various LLs and higher sublevels and the vertical lines
show the correlation between the oscillation peaks and the mixing
energies.
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ied systematically. For these data, the magnetic field was
held at 20 T, and the fluence was varied from 0.006 to
2 mJ /cm2. The left-hand column displays the obtained spec-
tra in log scale while the right-hand column plots the inte-
grated intensity and linewidth versus fluence. Qualitatively
different behaviors are seen among the three cases in the
fluence dependence. Figures 4a and 4b show data ob-
tained with a pump spot size of 0.5 mm in diameter, showing
a superlinear dependence. However, when the laser spot was
increased decreased to 3 mm 0.1 mm diameter, both the
integrated signal black squares and the linewidth red
circles exhibited linear or nearly linear scaling, and in both
of these cases the linewidth monotonically decreased with
increasing fluence. We will show in Sec. IV C that the co-
herence length over which a SF pulse is formed is 0.4 mm
and, to observe SF, it is optimal to create an inverted popu-
lation using a spot of this size.
We found that the shape of the excitation region can also
be used to influence emission characteristics of the narrow
lines. In particular, it is possible to control the SF emission
orientation through tailoring the geometry of the gain region.
Using a cylindrical lens to generate a rodlike 3 mm
0.5 mm excitation region, Fig. 5 shows the signal inten-
sity as a function of angle  from 0° to 180° see the inset of
Fig. 5c for a fluence of 0.02 mJ /cm2 and B=25 T. The
maximum intensity follows the orientation of the long axis of
the gain region. Tracing the output intensity displayed in Fig.
5c for edges 1 black and 2 red, we see that the emission
is highly directional with a full width at half maximum
FWHM of 40°. This value, comparable to the acceptance
angle of our measurement, indicates that the emission is
highly directional. The variance in emitted power is 20
between the two directions and we can conclude that the
emission direction can be manipulated through tailoring of
the gain geometry. However, this behavior is expected both
for ASE and SF.
A more exotic feature of SF, which is not expected for
ASE, is random emission directionality arising from the non-
deterministic nature of spontaneous coherence. In order to
verify the directionality randomness predicted for SF, we re-
duced the excitation pulse repetition rate down to 20 Hz and
collected emission pulses individually on a shot-by-shot ba-
sis. The signals from the two perpendicular edges were
mapped into spatially separate images in CCD detector. Fig-
ure 6a illustrates typical single-shot spectra of SF with a
pump fluence of 9.7 mJ /cm2 at 25 T, collected through edge
1 black and edge 2 red fibers for four representative shots,
chosen from 36 shots in total. In Fig. 6b, the outputs from
edge 1 and edge 2 fibers were normalized to have the same
maximum although actual emission strength from edge 1 fi-
ber was weaker due to differences in the collection efficiency
of each fiber.
We clearly observe that the two fiber outputs are anticor-
related over 19 different shots, which is about half of the
total 36 shots. Sixteen events are those in which both edges
receive significant radiation. There is only one event when
both edges receive little radiation simultaneously. Over all of
the shots, the maximum observed emission strength in Fig.
6b fluctuates as much as eight times the minimum value.
This is far greater than the pump pulse fluctuation, on the
order of a few percent, implying that each SF burst is very
directional and randomly changing from pulse to pulse. At a
lower fluence of 0.02 mJ /cm2 obtained with a 33 mm2
spot, qualitatively different behavior is seen. Figures 6c
and 6d show omnidirectional emission on every shot, as
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expected for ASE or SE. The correlation among two fiber
output in Fig. 6d in clear contrast to Fig. 6b can be more
visible in the case of dotted triangle as the emission strength
of edge 1 IEdge 1 is divided by that of edge 2 IEdge 2. At
this lower power with a spot size much larger than the co-
herence length of SF see Sec. IV C for the theoretical side,
the 1–1 LL is barely seen while higher LLs are not occupied.
In order to study the importance of the coherence time of
carriers in the SF formation process, we performed
temperature-dependent measurements to vary the coherence
time. In Fig. 7a, we show emission spectra obtained at an
elevated temperature of 110 K at various magnetic fields. As
expected for SF, the threshold magnetic field increased sig-
nificantly. Namely, we observe sharp features only above
23 T. Figure 7b shows the temperature dependence of
the threshold magnetic field BTH for the 0–0 and 1–1 transi-
tions. The solid lines are theoretical curves obtained through
Eq. 9 taking into account dephasing due to phonon scatter-
ing, as described in Sec. V C.
Finally, we examined the characteristics of the narrow
emission lines using broadened pulses. Inside a pulse com-
pressor of the regenerative amplifier system, the spacing be-
tween a grating pair was adjusted to increase the pulse width
up to 30 ps; for the pulse compressor structure used within
our laser system, see, e.g., Ref. 23. The sample temperature
and laser fluence were fixed at 10 K and 0.1 mJ /cm2,
respectively. This value of fluence corresponds to a carrier
density of 1013 cm−2. Figures 8a shows corresponding
emission spectra in the edge collection geometry with mag-
netic fields from 0 to 30 T. The 1–1 LL emission strength,
compared with 0–0 LL, was much stronger than that of Fig.
1b. This indicates that a certain amount of slow carrier
relaxation from higher LL down to 0–0 LL exists in a tem-
poral scale shorter than 30 ps. We also observe an oscillatory
behavior at 1–1 and higher LLs, similar to that shown in Fig.
3 with 150 fs pulse width excitation. In Fig. 8b, we traced
the peak energy positions of the sharp Lorentzian feature for
0–0 LL at different excitation pulse widths, which are seen to
be redshifted from previously studied case of Gaussian-fitted
CW absorption.19
IV. THEORY OF SUPERFLUORESCENCE IN MULTIPLE
QUANTUM WELLS
We analyze our measurements in the framework of SF in
atomic two-level systems. The physics of SF in atomic sys-
tems has been studied for more than thirty years see, e.g.,
Refs. 9, 10, and 24–26 and references therein. An incoher-
ently prepared ensemble of excited two-level dipoles inter-
acts via the exchange of spontaneously emitted photons. At
sufficiently high densities N of inverted atoms, this exchange
leads to an effective mutual phasing of the atomic dipole
oscillators. As a result, a macroscopic polarization with an
amplitude N spontaneously forms, arising from quantum
fluctuations, with a characteristic formation time, or delay
time, td. The resulting macroscopic polarization decays by
emitting a coherent radiation pulse radiation with duration tp
scaling as 1 /N in the simplest case so that the emitted
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intensity ISFN / tpN2 exceeds by many orders of magni-
tude the intensity ISE of spontaneous emission from the same
number of incoherent atoms ISEN /T1N.
The SF pulse duration tp and the delay time td are shorter
than the times of incoherent spontaneous emission and ho-
mogeneous phase relaxation in the medium: tp , tdT1 ,T2.
This is a distinctive feature of the phenomenon. In addition,
SF is fundamentally a stochastic process: the optical polar-
ization and the electromagnetic field grow from initially in-
coherent quantum noise to a macroscopic level. Thus, SF is
intrinsically random: for identical preparation conditions,
initial microscopic fluctuations get exponentially amplified
and may result in the macroscopic pulse-to-pulse fluctuations
in the delay time td, electric field polarization, and the direc-
tion of the emitted pulse.
We emphasize the difference between the two types of
cooperative emission processes, superradiance and super-
fluorescence. Superradiance results when the formation of
coherent polarization is driven by an external coherent laser
field, whereas a superfluorescent macroscopic polarization
develops spontaneously due to an intrinsic instability in a
system of initially incoherent quantum dipole oscillators. Su-
perradiance is generally easier to observe and has been pre-
viously observed in semiconductors.27
The key to achieving SF is to provide a high enough
spatial and spectral density of inverted dipole oscillators at-
oms, excitons, electron-hole pairs, etc. such that the growth
rate of the polarization exceeds the dephasing rate 1 /T2. In
semiconductors, the rate of the optical polarization decay is
typically 1–10 ps−1 or greater, whereas the maximum den-
sity of electron-hole pairs within the bandwidth  of the SF
pulse is limited by the density of states E: Nmax
E	. It is this combination of a limited gain and fast
decoherence that makes it difficult to achieve the threshold
for SF.28,29 One possible way to overcome these limitations is
to use quantum wells placed in strong magnetic fields. The
combination of reduced dimensionality and the magnetic
field fully quantizes the semiconductor into an atomiclike
system with a series of LLs, thus strongly increasing the
density of states.18 In addition, a complete quantum confine-
ment and filling of all available electron states at the lowest
LLs are expected to suppress the dephasing rate of the opti-
cal polarization. In our experiments, the initial pumping con-
ditions are chosen so as to ensure the growth of coherence
from an incoherent state by exciting the initial electron-hole
plasma high in the bands with an excess energy of 150 meV
above the GaAs barrier band gap. The energy difference be-
tween the excitation energy and the 0–0 LL in our QWs30 is
greater than 270 meV, requiring many scattering events to
relax into the QW LLs. The resulting electron-hole system is
thus initially completely incoherent.
A. Semiclassical model of superfluorescence
To understand the threshold behavior and main features of
SF, we use a coupled density matrix and Maxwell equations
in the semiclassical approximation, i.e., assuming a classical
electromagnetic field.31 Note that although the optical polar-
ization of an ensemble of quantum oscillators as a whole
emerges spontaneously, individual atoms interact with a
common electromagnetic mode through stimulated emission
and absorption processes. As the field increases exponen-
tially, a semiclassical treatment becomes applicable early in
the process and determines its main features. This approach
captures the main features of both exponential amplification
and subsequent SF pulse formation in various systems.9
In our experiment, electrons and holes are created by a
pump pulse high in the bands and then quickly lose energy,
ending up in the ground subband of QWs before SF starts to
develop. We do not consider the initial kinetics of rapid en-
ergy and momentum relaxation of carriers with a time scale
of 10–500 fs since these hot carriers do not contribute to SF.
We concentrate on carriers that have already reached a qua-
siequilibrium degenerate distribution over a few lowest LLs
in the lowest subband. We furthermore consider radiation
and optical polarization resulting from stimulated optical
transitions between electrons and heavy holes on a given LL
with occupation numbers ni and pi.
Choosing z as the quantum-well growth direction,
we can write the electric field for y-polarized elec-
tromagnetic waves propagating in the x direction as Ey
= 1 /2Ety ,zAx , texpikx− it, where Et is a transverse
distribution of the field. It satisfies a two-dimensional 2D
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FIG. 8. Color online a Emission spectra at various of mag-
netic fields for an elongated excitation pulse width of 30 ps. b 0–0
LL peak energy positions for pulse widths of 30 ps solid square
and 150 fs open square, compared with low-power CW absorp-
tion. c Linewidth of the sharp feature from 0–0 LL versus B for 30
ps solid square and 150 fs open square.
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Helmholtz equation that determines transverse modes of the
structure. For the slowly varying field amplitude A of an
electromagnetic mode near resonant to the given optical tran-
sition of frequency i and the corresponding polarization
amplitude P, one can obtain effective Maxwell-Bloch equa-
tions with rate equation terms for the incoherent decay of
electron and hole populations
A
x
+


c
A
t
+ A =
2i

c
P , 1
0i
t
= − i + ii0i + iRni + pi − 1 , 2
ni
t
= ImR
0i + Re −
ni
Te
−
ni − fei
e
, 3
pi
t
= ImR
0i + Rh −
pi
Th
−
pi − fhi
h
. 4
In Eq. 1, =2 / 
c is the losses of a given electro-
magnetic mode with the background refractive index 
, the
nonresonant Ohmic conductivity of a sample at the optical
frequency , and the velocity of light in vacuum c.  is
an overlap of the transverse distribution of the electromag-
netic field with the multiple quantum-well region. Here the
amplitude of the polarization P is related to the amplitude of
the off-diagonal element of the density matrix i=0ie−it as
P1 /Vidi0i, where the summation is over all electron-
hole pairs with transition dipole moments di on a given LL.
Total volume densities Ne and Nh on a given LL are deter-
mined by a similar summation of ni and pi. In Eq. 2, i
=i− is the detuning of the frequency of the electromag-
netic mode from the optical transition frequency i and i is
the transverse decay rate. Re,h are the rates of influx of opti-
cally excited carriers from upper states in the well and bar-
riers and Te,h are total lifetimes of the spontaneous decay of
a given state. The last terms in Eqs. 3 and 4 describe fast
relaxation to quasiequilibrium distributions fe,h with time
constants e,h, and R is the Rabi frequency of the electro-
magnetic mode.32
The Coulomb interaction renormalizes the optical transi-
tion frequencies and the Rabi frequency, and modifies all
scattering terms; moreover it leads to additional off-diagonal
terms as shown in the derivation of semiconductor Bloch
equations.33,34 These effects are not essential for the magni-
tude of the SF growth rate and the SF dynamics which is
mainly determined by resonant interaction of the field with
electron-hole pairs on a given LL within a broad spectral
width of a SF pulse.
The discrimination between SF and other radiation re-
gimes is convenient to formulate in terms of a linear initial-
value problem, assuming constant initial degenerate popula-
tions of carriers created by pumping and subsequent
relaxation. After finding the linear susceptibility = P /A
from Eq. 2 one can solve the dispersion relation following
from Eq. 1 and find the complex frequency k as a func-
tion of a real wave number k. Note that the slow-varying
amplitude approximation implies that  and k are close to
the central resonance frequency 0 of the LL transition and
wave number 
0 /c, respectively. The instability, or expo-
nential growth of the field and polarization with time, devel-
ops within the spectral interval of wave numbers where
Imk0. Obviously, for instability of any kind one
needs positive population inversion with respect to stimu-
lated recombination vs absorption processes at the photon
frequency.
Consider first an idealized situation when all scattering
rates and transition frequencies are the same for all electron-
hole pairs on a given LL, similarly to a homogeneously
broadened active medium. Note that each spin-split LL has a
degeneracy of N2D=eB / 2	c2.41010BT cm−2, and
population inversion N0 can be defined as the difference
between occupied and unoccupied states per unit area. In this
case, the dispersion relation k
 /c+ i+2 / 
c
which follows from Eq. 1 has two solutions
k—eigenmodes that are sometimes called electromag-
netic and polariton branches.9 Here 	 id2N / 
	
+ i0−.
B. Emission regimes and growth rates
The key parameter governing the instability of these
modes and different regimes of recombination is the coop-
erative frequency c that determines the coupling strength
between the field and the optical polarization as introduced
in previous studies of SF in semiconductors29,35,36
c =162d2Nc
	
2LQW
. 5
Here LQW is the total width of the quantum wells i.e., the
sum of widths of all wells in the sample and  is the wave-
length of the radiated field. When the inversion N is small
or negative, field oscillations decay with time, and one can
have only spontaneous recombination emission with power
Ne / tsp, and the characteristic time scale tsp1 ns, where
Ne at the lowest LL is close to the maximum degeneracy
value in our experimental conditions. The inversion can be
increased by increasing the fluence of the pumping pulse and
the magnetic field strength. With increasing inversion and
optical confinement, the modal gain may become higher than
losses, and oscillations of the field and the polarization will
grow with time.
There are two basic regimes of the instability, depending
on the ratio between the values of c and incoherent relax-
ation times. They correspond to the instability of one of the
two eigenmodes existing in the medium. For low inversion
density and fast decoherence, when c=1 /T2, one can
have ASE, provided that photon losses  are low enough.
This is a regime of a one-pass amplifier, corresponding to the
instability of the electromagnetic branch. Its growth rate
Im = gASE 	
c
2
4
2 + c/
2k − k02
− c/
  6
is much slower than the dephasing rate . Equation 6 is
obtained by substituting 	ck /
 in the expression for .
This approximation is equivalent to calculating the net rate
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of stimulated transitions using the Fermi’s golden rule.
When the gain increases to the value such that
gASEL
 /c1, amplification proceeds in the saturated re-
gime, which is sometimes called superluminescence SL.
Here, L is the length of an active medium in the propagation
direction. The duration of the SL pulse in a saturated ampli-
fier is tSLL
 /c.26
If there is some feedback for any kind of modes existing
in a sample, e.g., Fabry-Perot cavity modes formed by reflec-
tions from the edges or whispering gallery modes, then the
system can lase on these modes. The growth rate of lasing
modes will be defined by the same expression Eq. 6 with
the optical confinement  and photon lifetime TE defined for
a given laser mode. One-pass amplification and lasing com-
pete with each other, and the process with a higher growth
rate dominates. We argue below that there is no feedback and
therefore no lasing for our samples but it is important to
stress here that all time scales for all of the above processes
of ASE, SL, or lasing are longer than the dephasing time T2.
Under such conditions, the polariton mode is strongly
damped with the decay rate , and one can adiabatically
eliminate optical polarization from Eqs. 1–4 assuming
0 /t=0 and . The polarization has a small amplitude
and adiabatically follows the time dependence of the electro-
magnetic field. This implies low mutual coherence of dipole
oscillations of individual electron-hole pairs.
Cooperative recombination or SF develops in the opposite
limit of instability of the polariton branch. The growth rate of
the polarization has to be larger than the decay rate . The
instability results in the spontaneous formation of a large-
amplitude coherent macroscopic polarization from initially
incoherent oscillations of individual electron-hole dipole mo-
ments. Here “spontaneous” means that the polarization is not
created by some external coherent laser field. The necessary
condition for the instability is c2, or c21/2,
where the latter inequality is required for a system with a
large inhomogeneous broadening  of frequencies 0 of
electron-hole dipole oscillators.9,29,35
When the field decay rate is very high such that 
c /21 /TE, cooperative emission develops with a growth
rate gSF	c
2TE /4N. Here TE is a total field decay time
including both absorption in the medium and escape of ra-
diation out of the sample. In this case the instability of the
polariton branch occurs because of Ohmic dissipation the
dissipative instability. However, this case is not relevant for
our samples that are characterized by a low field dissipation
rate: c /21 /TE. In the latter case, the growth rate satu-
rates at its maximum value gSF	c /2 N1/2. Note that in
both cases the SF growth rate is faster than the phase-
relaxation rate . This ensures maximally coherent nature of
the process. In a sense, SF establishes an absolute upper limit
on the rate with which an ensemble of initially incoherent
inverted oscillators can radiate their stored energy.
The dynamics of SF are noteworthy and very different
from ASE or lasing. First, SF develops within a broad spec-
tral bandwidth gSF and thus cannot be described by
usual rate equations based on adiabatic elimination of the
polarization. Second, after the degenerate inverted popula-
tion of carriers is established on a given LL, the SF pulse is
emitted with the delay time td1 /gSFlnISF / I0, which is
logarithmically larger than the inverse growth rate, where the
logarithm factor of order 10–20 is due to the exponential
growth of the field from the quantum noise level I0 to the
peak intensity ISF. This result can be obtained by solving
Eqs. 1–4 neglecting all incoherent realization terms.
Third, the pulse duration SF2 /gSF decreases with N, and
therefore, the pulse intensity ISFNe /SF scales superlin-
early Ne
3/2B3/2 with electron density or the magnetic field,
assuming that NNe. The coherence length over which an
individual pulse is formed is given by Lcctd /
, which is a
logarithmic factor of order ten longer than the exponential
amplification length c / 
gSF. Thus, the volume of the ac-
tive medium in which all electron-hole dipoles become
phased and contribute coherently into an exponential ampli-
fication of a given electromagnetic mode is given by
2c / 
gSF. If we multiply this by the volume density of
inverted oscillators N /LQW and by the spontaneous recom-
bination rate of an individual electron-hole pair given by
1 / tsp=323d2
 / 	3, we obtain the maximum SF growth
rate c /2 within a factor of 2.
The numerical value of the growth rate depends crucially
on the optical confinement factor . The contrast in the back-
ground refractive index 
0.02 between the MQW layer
and GaAs is too low to provide wave guiding in a highly
asymmetric waveguide formed by air on one side and GaAs
on the other side of the MQWs. In the absence of a gain-
induced change in the refractive index, the modes are spread
over the whole thickness of the sample and the overlap factor
 is only 10−4. This small value of  rules out all the
possibility of SF. Numerical simulations show that the mini-
mum contrast needed for wave guiding is 
=0.045. The
confinement factor  is 0.1 when 
=0.05 and reaches
0.4 with subsequent increase in the index contrast to 0.09
when B=25 T. This affects the dependence of the ASE or
SF growth rate and of the peak pulse power on the electron
density or the magnetic field. Obviously, the dependence be-
comes stronger, which can be directly observed in time-
resolved measurements.
C. Gain guiding
In an inverted medium, the polariton contribution to the
background refractive index is positive on the blue side of
the transition frequency 0, with the peak index change 

d2N / 	
LQW reached at a detuning −0. For a
high-pumping fluence, we can assume that all states are oc-
cupied and N=2N2D; then for T2=1 /=250 fs, 
 reaches
the wave guiding threshold of 0.03 when B12 T. The lat-
ter value corresponds to the experimentally observed appear-
ance of the narrow stimulated emission peak on the blue side
of the broad spontaneous emission spectrum; see Fig. 1.
Thus, the polariton-supported wave guiding provides a
natural explanation of the observed blueshifted peak. If we
adopt this explanation, then the observed stimulated emis-
sion threshold can be used to determine . The number we
obtained supports the suggestion that the dephasing time for
quantum-confined degenerate carriers on the LLs before the
formation of the emission pulse can be as long as several
hundreds fs. Unfortunately, this value of  is difficult to
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verify independently, e.g., from the width of the spontaneous
emission spectrum because  may change significantly dur-
ing one emission cycle due to the varying density of carriers
and we collected only time-integrated data. Also, there could
be some inhomogeneous broadening of the spontaneous
emission due to sample inhomogeneity within the pumped
spot and the dependence of  on the carrier density. How-
ever, the width of the narrow stimulated emission peak does
provide additional information on the values of  and the
gain, which is consistent with the above estimate, as dis-
cussed below.
At the onset of wave guiding, stimulated recombination is
still in the ASE regime, as discussed in more detail in Sec.
IV A. The transition to SF occurs at B20 T, when the net
growth rate c /2−81012 s−1 and 2N2D1012 cm−2.
The coherence length over which a SF pulse is formed is
Lc=ctd /
c / 
gSFlnISF / I0. The ratio ISF / I0 is on the or-
der of the total number Nt of electron-hole pairs contributing
to a given pulse in the volume occupied by an electromag-
netic mode, which we estimate as Nt107. Assuming gSF
41012 s−1, we obtain Lc0.4 mm. For observations of
SF, it is optimal to create an inverted pumped spot of this
size. At much shorter lengths, a SF pulse does not have
enough time/distance to develop, while at longer distances
LLc independent SF pulses will be formed at segments of
length Lc, creating a noisy output over the time interval
L
 /c. Note that in a sample of the optimal pumped length
Lc the shortest ASE pulse in a high gain regime has duration
Lc
 /c5 ps, whereas a SF pulse is 1 ps.
The observed spectral evolution of emission spectra as a
function of electron-hole density, from a broad spontaneous
emission to a narrow peak on the blue side of the SE line
with subsequent further narrowing of the peak followed by
broadening, is consistent with the above scenario. However,
the observed spontaneous emission line has a full width of
9 meV, larger than the homogeneous linewidth of 5 meV
implied in the above discussion. The broad line may be
caused by a variety of reasons, including the time evolution
of the emission spectrum due to a changing density of carri-
ers or spread of transition frequencies of electron-hole pairs.
Assuming the latter, for an inhomogeneously broadened line,
we numerically calculated the growth rate and gain-induced
index change in electromagnetic waves for a Gaussian profile
of inhomogeneous broadening with full width 2. Simula-
tions show that the index change of 0.03 corresponding to
the onset of wave guiding for the same magnetic field of 12
T is achieved when 26 meV and 23 meV, i.e., it
requires longer T2. In this case the total SE linewidth is
9 meV and the maximum index is reached at the blueshift
5 meV from the central frequency.
After wave guiding is reached, the process enters a satu-
rated SL regime accompanied by a line narrowing as a result
of high-gain amplification. A diminishing linewidth is ex-
pected as the spectral components closest to the maximum of
the gain spectrum get amplified stronger than components
with greater detuning. An observed FWHM of the narrow
peak changes with increasing electron-hole density from
25 meV to 22 meV. If the maximum gain Eq.
6 at the center of the gain spectrum is equal to g0, it is easy
to obtain the linewidth


=  g0
/clnG0 + 1/2 − 11/2, 7
where G0=expg0L
 /c. For L=0.5 mm the pump spot
size, the observed narrowing by a factor of 2.5 is consis-
tent with the observed net amplification by a factor of order
100.
The transition to SF is accompanied by shortening of the
pulse from ASEL
 /c	5 ps to SF4 /c2 /
1 ps. This shortening of the pulse duration leads to the
observed line broadening when the pulse duration becomes
smaller than the inverse total bandwidth of the stimulated
emission peak. If we identify 2	 /SF	gSF with the ob-
served emission full width of 2.5 meV at B=25 T in Fig.
2b, the value of the cooperative frequency is in the range
7–9 meV, depending on the type of broadening we assume.
This value is definitely higher than both 	 and 	.
Thus, the observed spectral behavior is highly suggestive of
a continuous evolution from a regime where ASE is the pri-
mary emission mechanism to an SF-dominated regime.
V. DISCUSSION
A. Superlinear scaling with magnetic field and fluence:
Evidence for multiple superfluorescence-pulse formation
The intensity of a single SF pulse from a single LL
is expected to scale with the electron density Ne or
the magnetic field B as ISF	N /SFNe
3/2Ne1/2 or
B3/2B2, respectively, where  is the overlap factor as
introduced in Eq. 1, if it is assumed that the pump pulse
fluence JpNNe. However, we cannot directly probe this
superlinear scaling since the emission strength is integrated
over 1 s 1000 shots. Assuming all emitted photons are col-
lected, we should observe a linear dependence of the inte-
grated emission strength from Ne or B, which contradicts the
observed superlinear dependence in the SF regime. See Fig.
2.
We interpret the superlinear scaling of time-integrated in-
tensity of SF from 0–0 Landau level as the development of
multiple SF pulses after each pumping shot. As the first SF
pulse develops on the 0–0 LL and leads to a fast depletion of
electron-hole pairs on this level on a subpicosecond scale,
electron-hole pairs on the 1–1 LL do not have time to recom-
bine via a much slower ASE process. Thus, they lose energy
by relaxing to the zeroth level and emit another SF pulse,
leading to superlinear increase in the total fluence from the
zeroth level.
There are several additional points that support this pro-
posed scenario of multiple SF pulse formation. First, the su-
perlinear scaling is observed only for the case of 0.5 mm
spot size see Fig. 4, approximately the SF coherence length
Lc as discussed in more detail above. SF cannot develop for
spot sizes smaller than the coherence length. On the other
hand, for larger spot sizes, many independent, uncorrelated
SF pulses are created, with the total integrated emission re-
sembling ASE rather than SF. Furthermore, the superlinear
increase in the 0–0 LL emission is accompanied by a de-
crease in emission from higher LLs below 0.25 mJ /cm2.
Finally, the statistics of counts received by two edges in Fig.
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6 is consistent with the formation of two pulses from the 0–0
LL. At very high pump fluences, SF may develop from two
or three LLs simultaneously and the growth of the emission
strength with the pump fluence and magnetic field should
slow down.
In Fig. 4b, we observe a scaling behavior similar to the
field scaling of 0–0 LL shown in Fig. 2b—the integrated
strength black squares evolves from a threshold of
0.01 mJ /cm2 through a linear regime green line;
0.01–0.03 mJ /cm2 to a superlinear regime blue line;
0.03–0.2 mJ /cm2. Above 0.2 mJ /cm2 in Fig. 3b, the sig-
nal resumes a linear scaling after the SF from 0–0 LL is
saturated as the level is fully filled. The sustained linear re-
gime in the 0–0 LL is possibly associated with additional
carriers passed on from higher LL in the later stage after the
SF pulse burst. The carrier density which produces the linear
scaling regime after saturation can only be sufficient for ASE
but not for SF. Such carrier depletion from higher to lower
LL was also manifested in Fig. 2a via anticorrelation be-
tween 0–0 and 1–1 LL above 20 T.
B. Stochastic nature of superfluorescent emission
The strongest evidence for SF at high-pumping fluences
and magnetic fields in our samples comes from the random
directionality experiment in the saturated SF regime 
0.2 mJ /cm2; see Fig. 6. In this experiment, the pumped
spot size was equal to one coherence length 0.5 mm and
radiation was collected after single pulse excitation from two
perpendicular edges simultaneously. Since the pumped area
is a circle, both SE and ASE should be emitted in all direc-
tions with the same intensity and without any correlation or
anticorrelation effects. However, this is no longer true for SF.
In the development of SF, initial quantum fluctuations grow
to a macroscopic level and lead to strong fluctuations of the
delay time from pulse to pulse. Initially, all propagation di-
rections are equivalent. However, after one pulse has propa-
gated in one direction, all electron-hole pairs are consumed
along its path. Therefore, formation of the second pulse in
the direction traversing the path of the first pulse becomes
suppressed. Indeed, a SF pulse consumes virtually all
electron-hole pairs along its path leaving a narrow of a few

m width unpumped stripe with negative inversion N.
This stripe is antiguiding for the blueshifted SF emission.
This means that the SF radiation from any delayed pulse
crossing the depleted stripe will spread over the whole thick-
ness of the sample after just one wavelength  /

0.3 
m of propagation length. This reduces the overlap
with an MQW layer to 10−4, thus effectively quenching
the pulse. Therefore, we should observe strong anticorrela-
tion between the emission strengths received by the two
edges after each pumping shot.
The data can be best explained if there are two consecu-
tive SF pulses that can be formed per each pump shot, ac-
cording to the scenario suggested above. Each pulse can go
either to edge 1 or to edge 2. Evidently, there are also pulses
generated in the opposite direction that we do not detect. At
the same time, our collecting prisms were very wide 1
1 mm2 so we collected most of the radiation propagating
toward each of the two edges. Then, in 50% events, both
edges received an SF pulse, or at least some radiation if there
is not enough electrons for the second SF pulse, and this
second pulse is actually ASE. In the other 50% events, only
one edge will receive both pulses.
C. Temperature dependence
Because the formation of SF inherently relies on the es-
tablishment of a macroscopic coherence among the photoex-
cited carrier density, we expect that the emission threshold
and strength should depend sensitively on the temperature.
An increasing phonon number with temperature should in-
crease the dephasing rate T2 and thus increase the threshold
magnetic field and carrier density, as the experimental data in
Fig. 7 suggest.
As we follow the threshold field BTHT for 0–0 LL red
circles and for 1–1 LL black squares sharp feature in Fig.
7b, we observe that it is more rapidly increasing above 50
K. Here, we define BTH as the critical field for the appearance
of narrow emission lines. Even though the BSF is not coinci-
dent with BTH since the sharp emission feature is generated
by both the ASE and SF, we will presume that their tempera-
ture variation should be similar. First, note that the critical
magnetic field BSF for SF generation is obtained from the
relation between c /2 N and the dephasing rate
1 /T2,18,35 c /21 /T2. The LLs density of states is given by
N=eB /h, i.e., proportional to B and therefore to c
2
. For
electron-phonon scattering, the dephasing rate 1 /T2 can be
expressed phenomenologically as
1/T2  0 + T + LO/expELO/kBT − 1 , 8
where 0 is the width due to the inhomogeneous broadening
and LO is a parameter that measures the interaction with
acoustic phonons polar LO phonons. Thus, writing
eBSF /hc
2
= 2 /T22, we find
BSF 0 + T + LO/expELO/kBT − 12. 9
Since the LO phonon energy ELO in our sample structure,
which is expected to be similar to that of GaAs-based QW
36 meV, is much larger than the thermal energy kBT in
our temperature range, we tentatively identify the acoustic
phonon contribution as the dominant temperature mechanism
for varying BSF. The red black curve in Fig. 7b is the
fitting based on Eq. 9 for 0–0 LL 1–1 LL, where we can
obtain the comparative values of  /0 and LO /0, respec-
tively. When 0 is assumed to be the same as the minimum
linewidth obtained from Fig. 2b =1.9 meV, LO is
smaller larger than that of the two-dimensional exciton case
by two to three times three to four times,37 while very
similar to the zero-dimensional case.38 The deviation of the
fitting curve above 80 K for 0–0 LL and above 90 K for 1–1
LL is possibly associated with carrier delocalization and/or
deionized impurities at high temperatures.39 01.9 meV
indicates that the SF pulse duration is shorter than 700 fs 
=2	 /0 while the temperature dependence of BTHT agrees
with the dephasing dynamics in a zero-dimensional system.
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D. Pump pulse-width dependence
Finally, we investigated how the emission lines depend on
the excitation pulse width, as compared with the delay time
td. For the optimal coherence length Lc, td is roughly esti-
mated to be 10 ps when the pumping fluence of
0.1 mJ /cm2 almost saturates the available states in 0–0 LL
cf. Fig. 4b.36
The red-shifted peak position for pulsed excitation indi-
cates not only the existence of localized states in these
strained samples19 but also band-gap renormalization.40,41
We also note that the effect of band-gap renormalization was
stronger at 150 fs pulse but the difference between 150 fs
and 30 ps was almost suppressed above 25 T. The 150 fs
pulse creates carriers more abruptly than 30 ps pulse and the
following carrier-carrier interactions will be enhanced to
screen the excitonic Coulomb interactions more effectively.
The disappearance of the peak energy separation between
150 fs and 30 ps above 25 T, therefore, could be possibly
associated with combined effects of increased carrier density
and reduced screening effects because of more strongly con-
fined wave functions via B increment. The slope of peak
position versus B in Fig. 8b became more similar to the
CW absorption case with the increasing field, which suggests
a reduction in effective-mass renormalization in spite of in-
creased carrier density at higher fields. More details on the
field-dependent variation in band gap and effective-mass
renormalization will be discussed elsewhere.
To further characterize the emission lines in Fig. 8c, we
measured the linewidths for 150 fs and for 30 ps for Lorent-
zian sharp features in 0–0 LL. Figures 8c displays the clear
trend of increasing linewidths with B for 150 fs in contrast to
those for 30 ps. As discussed earlier, 30 ps is much longer
than the estimated delay time td to build coherence within Lc
in our system and the intrarelaxation time on the order of 500
fs.40 Since the increment of linewidth with B was a signature
of SF, the observed plateau in the linewidth trace for 30 ps
pumping in Fig. 8c implies saturated amplified spontaneous
emission, not reaching the SF regime yet.
VI. CONCLUSIONS
We have performed magnetophotoluminescence measure-
ments in InxGa1−xAs /GaAs multiple quantum wells in high
magnetic fields using intense femtosecond pulses. The result-
ing density and energy confinement is sufficient to generate a
spontaneous macroscopic polarization that decays through
the emission of SF pulses. Our experiments demonstrate
multiple evidence for the cooperative SF regime of sponta-
neous recombination as revealed by the spectral behavior,
magnetic field and fluence scalings, spot size dependence,
and spatial and temporal correlations. We have further
probed the appropriate conditions for observing SF by ex-
ploiting its spectral features and dependence on the tempera-
ture and focal geometry.
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